For a given real entire function ϕ with finitely many nonreal zeros, we establish a connection between the number of real zeros of the functions 
Introduction
In this paper, we investigate the real critical points of logarithmic derivatives of real entire function, ϕ(z), in the class L − P * (see Definition 2) . Our main result establishes bounds on the number of real zeros of the derivative of the logarithmic derivative of the function ϕ(z). The idea behind these bounds arose from attempts to prove the following twenty year-old conjecture of T. Craven, G. Csordas and W. Smith [3] (see also [5] ), which was nicknamed by A. Eremenko the Hawaii conjecture.
The Hawaii conjecture. If a real polynomial p has 2m nonreal zeros, then the rational function
, where p ′ (z) = dp(z) dz ,
has at most 2m real zeros, counting multiplicities.
Various attempts were made to resolve this conjecture by geometric and topologic methods [2, 6, 7] . In particular, J. Borcea and B. Shapiro [2] developed a general theory of level sets, which Thus, the lower bound of the number of real zeros of Q can be easily determined. Unfortunately, even this simple fact was not well known. We establish this lower bound in Theorem 2 (see (1.154) and Remark 1.14).
In Section 1, we prove our main result, Theorem 2, which provides the bounds of the number of critical points of the logarithmic derivative of a real entire function ϕ ∈ L − P * (Definition 2) possessing property A (Definition 4). In Section 2, we prove the Hawaii conjecture (Theorem 8) for real entire functions in the class L − P * using Theorem 2 and one technical result, Theorem 7.
1 Bounds on the number of real critical points of the logarithmic derivatives of functions in L − P *
In this section, we need the following definitions.
Definition 1 ( [10, 12] ). The function ϕ is said to be in the Laguerre-Pólya class, ϕ ∈ L − P, if
where c, β, α j ∈ R, γ 0, d is a nonnegative integer and α −2 j < ∞.
Definition 2.
The function ϕ is in the class L − P * if ϕ = pf where f ∈ L − P and p is a real polynomial with no real zeros.
For ϕ ∈ L − P * , by Z C (ϕ) we denote the number of nonreal zeros of ϕ, counting multiplicities. If f is a real meromorphic function having only a finite number of real zeros, then Z R (f ) will denote the number of real zeros of f , counting multiplicities. In the sequel, we also denote the number of zeros of the function f in an interval (a, b) and at a point α ∈ R by Z (a,b) (f ) and Z {α} (f ), respectively 1 . Generally, the number of zeros of f on a set X will be denoted by Z X (f ).
Let ϕ ∈ L − P * . Between any two consecutive real zeros, say a and b, a < b, of ϕ, ϕ ′ has an odd number of real zeros (and a fortiori at least one) by Rolle's theorem. Counting all zeros with multiplicities, suppose that ϕ ′ has 2r + 1 zeros between a and b. Then we will say that ϕ ′ has 2r extra zeros between a and b. If ϕ has the largest zero a L (or the smallest zero a S ), then any real zero ϕ ′ in (a L , ∞) (and in (−∞, a S )) is also called an extra zero of ϕ ′ . The total number of extra zeros of ϕ ′ , counting multiplicities, will be denoted by E(ϕ ′ ).
Remark 1.1. The multiple real zeros of ϕ are not counted as real extra zeros of ϕ ′ . Remark 1.2. Let ϕ be a real polynomial of degree n 1, and suppose that ϕ has exactly 2m nonreal zeros. Then
This fact will be used in the proof of Theorem 3.
For the reader's convenience, we recall the fact proved in [3, Lemma 3, p. 411 ] that the following inequalities hold for ϕ ∈ L − P * .
However, if ϕ has an infinite number of real zeros, then a tighter upper bound can be established (see [4, p. 325] ):
Let ϕ ∈ L − P * and let the function Q = Q[ϕ] associated with ϕ be defined as
(1. 4) We note that if ϕ(z) = Ce βz , where C, β ∈ R, then Q(z) ≡ 0. Hence, we adopt the following convention throughout this paper.
Convention. If ϕ ∈ L − P * , then ϕ is assumed not to be of the form ϕ(z) = Ce βz , C, β ∈ R.
With this convention, we set out to prove that Q has only finitely many real zeros. This fact is essentially known from [3] , but we still include the proof for completeness. Note that this is obvious if ϕ has a finite number of zeros. Here is a proof for the general case.
Theorem 1. Let ϕ ∈ L − P * . Then the function Q has finitely many real zeros.
Proof. By definition, ϕ is a product ϕ = pψ, where ψ ∈ L − P and p is a real polynomial with no real zeros. Let deg p = 2m 0. If m = 0, then p(z) ≡ const . In this case, ϕ ∈ L − P. But it is well known (see, for example, [3, 4] ) that the logarithmic derivative of a function from the Laguerre-Pólya class is a decreasing function on the intervals where it has no poles. Therefore, Q(z) < 0 for any real z, which is not a pole of this function. Thus, if m = 0, then Q has no real zeros.
We assume now that m > 0. Observe that This formula shows that Q[p](z) → − 0 whenever z → ±∞. Consequently, there exist two real numbers a 1 and a 2 (a 1 < a 2 ) such that Q[p](z) < 0 for z ∈ (−∞, a 1 ] ∪ [a 2 , +∞). But since ψ ∈ L − P, we have Q[ψ](z) < 0 for z ∈ R as we mentioned above. Thus, the right hand side of the equation (1.5) is positive for all z ∈ R but its left hand side is negative for all z ∈ (−∞, a 1 ]∪[a 2 , +∞). Therefore, all real roots of the equation (1.5) and, consequently, all real zeros of the function Q belong to the interval (a 1 , a 2 ), and Q(z) < 0 outside this interval. Since real zeros of a meromorphic function are isolated, Q has only finitely many real zeros, as required.
Later (see Corollary 2) we show that the number of real zeros of the function Q is even.
Analogously to (1.4), we introduce the related function
(1.6)
To expedite our presentation, we also introduce the following definition.
Definition 3. Let ϕ ∈ L − P * and let α be a real zero of ϕ. Suppose that β 1 and β 2 , β 1 < α < β 2 , are real zeros of ϕ ′ such that ϕ ′ (z) = 0 for z ∈ (β 1 , α) ∪ (α, β 2 ). The function ϕ is said to possess property A at its real zero α if Q has no real zeros in at least one of the intervals (β 1 , α) and (α, β 2 ). If α is the smallest zero of ϕ, then set β 1 = −∞, and if α is the largest zero of ϕ, then set β 2 = +∞.
Definition 4. A function ϕ ∈ L − P * is said to possess property A if ϕ possesses property A at each of its real zeros. In particular, ϕ without real zeros possesses property A.
At the end of this section, we prove the following theorem, which provides bounds for the number of real zeros of Q.
Theorem 2. Let ϕ ∈ L − P * and suppose that ϕ has exactly 2m nonreal zeros. If the function ϕ possesses property A, then
where 2m 1 = Z C (ϕ ′ ) and the functions Q and Q 1 are defined in (1.4) and (1.6).
Before we establish Theorem 2, we prove a few lemmas and their corollaries. For a given function ϕ, by F and F 1 we will denote the following functions
At first, we estimate the parities of the numbers of real zeros of Q in certain intervals and on the real axis. Lemma 1. Let ϕ ∈ L − P * and let β 1 and β 2 be two real zeros of ϕ ′ .
I. If β 1 and β 2 are consecutive real zeros of ϕ ′ , and ϕ(z) = 0 for z ∈ (β 1 , β 2 ), then Q has an odd number of real zeros in (β 1 , β 2 ), counting multiplicities.
II. If β 1 and β 2 are two real zeros of ϕ ′ such that ϕ has a unique real zero α in (β 1 , β 2 ) and ϕ ′ (z) = 0 for z ∈ (β 1 , α) ∪ (α, β 2 ), then Q has an even number of real zeros, counting multiplicities, in each of the intervals (β 1 , α) and (α, β 2 ).
Proof. I. In fact, since ϕ ′ /ϕ equals zero at the points β 1 and β 2 , its derivative, the function Q, has an odd number of zeros in (β 1 , β 2 ) by Rolle's theorem.
, where ψ(α) = 0. Thus, we have
Consequently, for all sufficiently small ε > 0,
Thus, ϕ ′ /ϕ is decreasing in a small left-sided vicinity of α, and ϕ ′ (z)/ϕ(z) → −∞ whenever z ր α.
Since ϕ ′ /ϕ equals zero at β 1 , its derivative, the function Q, must have an even number of zeros in (β 1 , α) by Rolle's theorem. By the same argumentation, Q has an even number of zeros in (α, β 2 ).
Proof. The inequality (1.9) holds for any real zero of ϕ, consequently, Q is negative for z sufficiently close to α L (or to α S ). But it was already proved in Theorem 1 (see also (3.11) in [3, p.415] and subsequent remark there) that Q(z) < 0 for all sufficiently large real z. Therefore, Q has an even number of zeros in (α L , +∞) (and in (−∞, a S ) if ϕ has the smallest real zero α S ), counting multiplicities, since Q(z) is negative for all real z sufficiently close to the ends of the interval (α L , +∞) (or of the interval (−∞, α S )).
If additional information on the number of real zeros of ϕ ′ is available, then Lemma 1 and Lemma 2 can be used to derive the following sharper result. Corollary 1. Let ϕ ∈ L − P * and suppose that ϕ has the largest zero α L and ϕ ′ has exactly r extra zeros, counting multiplicities, in the interval
Proof. Let ϕ ′ have l r distinct zeros, say β 1 < β 2 < . . . < β l = β L , in the interval (α L , +∞). According to Lemma 2, Q has an even number of real zeros in (α L , +∞), counting multiplicities. But from Lemma 1 it follows that Q has an even number of real zeros in (α L , β 1 ), counting multiplicities, and an odd number of real zeros, say 2M i + 1, in each of the intervals (β i , β i+1 ) (i = 1, 2, . . . , l − 1). Hence, Q has exactly
Moreover, from (1.4) it follows that β is a zero of Q of multiplicity M − 1 whenever β is a zero of ϕ ′ of multiplicity M . Consequently, in our case, Q has exactly r−l real zeros, counting multiplicities, at the points β i that are multiple zeros of ϕ ′ . Thus, Q has r−l+
. Therefore, if r is an even (odd) number, then Q has an odd (even) number of real zeros in (α L , β L ]. Recall that Q has an even number of zeros in (α L , β 1 ) by Lemma 1. Consequently, Q has an odd (even) number of real zeros in (β L , +∞), since Q has an even number of real zeros in (α L , +∞), according to Lemma 2. Remark 1.3. Corollary 1 is valid with respective modification in the case when ϕ has the smallest zero a S .
So far, we have considered semi-infinite intervals, our next statement addresses the entire real axis.
Corollary 2 (Craven-Csordas-Smith [3] , p. 415). If ϕ ∈ L − P * , then the function Q associated with ϕ has an even number of real zeros, counting multiplicity.
Proof. In fact, if ϕ has no real zeros, then Q has no real poles, and the number Z R (Q) is even, since Q(z) < 0 for all sufficiently large real z.
If ϕ has only one real zero α, then, according to Lemma 2, Q has an even number of zeros in each of the intervals (−∞, α) and (α, +∞). Thus, Z R (Q) is also even in this case.
Let ϕ have at least two real zeros. If α j and α j+1 are two consecutive zeros of ϕ, then, according to (1.9) , Q has an even number of zeros, counting multiplicities, in the interval (α j , α j+1 ). If ϕ has the largest (or/and the smallest) real zero, say α L (α S ), then, by Lemma 2, Q has an even number of real zeros, counting multiplicities, in (a L , +∞) (and in (−∞, α S )). Therefore, the number Z R (Q) is even. Remark 1.4. Analogously, the function Q 1 associated with a function in the class L − P * has an even number of real zeros, counting multiplicities, since the class L − P * is closed with respect to differentiation [3] .
The following lemma is the first in a series of lemmata that estimate the number of real zeros of Q on a finite interval, given specific information on ϕ, ϕ ′ , ϕ ′′ and Q 1 .
Lemma 3. Let ϕ ∈ L − P * and let a and b be real and let ϕ(z) = 0, ϕ ′ (z) = 0, ϕ ′′ (z) = 0, Q 1 (z) = 0 in the interval (a, b).
then Q has no real zeros in (a, b].
II.
If, for all sufficiently small δ > 0,
then Q has at most one real zero in (a, b), counting multiplicities. Moreover, if Q(ζ) = 0 for some ζ ∈ (a, b), then Q(b) = 0 (if Q is finite at b).
Proof. The condition ϕ(z) = 0 for z ∈ (a, b) means that Q is finite at every point of (a, b).
If ζ ∈ (a, b) and Q(ζ) = 0, then F (ζ) = 0 and (1.8) implies
Now we consider F 1 . From (1.8) and (1.12) it is easy to derive that
(1.13)
Since ϕ ′ (z) = 0, ϕ ′′ (z) = 0, Q 1 (z) = 0 (and therefore F 1 (z) = 0) in (a, b) by assumption, from (1.13) it follows that ζ is a simple zero of Q. That is, all zeros of Q in (a, b) are simple.
I. Let the inequality (1.10) hold. Assume that, for all sufficiently small δ > 0,
This inequality contradicts (1.13), since
for z ∈ (a, b), which follows from (1.14) and from the assumption of the lemma. Consequently, Q cannot have zeros in the interval (a, b) if the inequalities (1.10) and (1.14) hold. In the same way, one can prove that if ϕ ′ (a + δ)ϕ ′′ (a + δ)Q 1 (a + δ) < 0 for all sufficiently small δ > 0 and if the inequality (1.10) hold, then Q(z) = 0 for z ∈ (a, b). Thus, Q has no zeros in the interval (a, b) if the inequality (1.10) holds. Moreover, it is easy to show that Q(b) = 0 as well. In fact, if F (b) = 0, then, for all sufficiently small ε > 0,
according to (1.13) . But if the inequality (1.10) holds, then
for all sufficiently small ε > 0, since ϕ ′ (z) = 0, ϕ ′′ (z) = 0, Q 1 (z) = 0 in the interval (a, b) by assumption and since Q(z) = 0 in (a, b), which was proved above. So, if the inequality (1.10) holds and if F (b) = 0, then from (1.15) and (1.16) we obtain that
for all sufficiently small ε > 0. This inequality contradicts the analyticity 2 of the function F . Therefore, if the inequality (1.10) holds and if Q is finite at the point b, then Q(b) = 0. Thus, the first part of the lemma is proved.
II. Let the inequality (1.11) hold, then Q can have zeros in (a, b). But it cannot have more than one zero. In fact, if ζ is the leftmost zero of Q in (a, b), then this zero is simple as we proved above. Therefore the following inequality holds for all sufficiently small ε > 0
Consequently, Q has no zeros in (ζ, b] according to Case I of the lemma.
Remark 1.5. Lemma 3 is also true if (a, b) is a half-infinite interval, that is, (a, +∞) or (−∞, b).
Lemma 3 addresses the case of a finite interval and Remark 1.5 the case of a half-infinite interval. Our next statement concerns the entire real line.
Q has no real zeros.
Proof. The function ϕ may have real zeros. But by Rolle's theorem, ϕ has at most one real zero, counting multiplicity, since ϕ ′ (z) = 0 for z ∈ R by assumption.
If ϕ(z) = 0 for z ∈ R, then, by Lemma 3 applied on the real axis, Q has at most one real zero. But by Corollary 2, the number of real zeros of Q is even. Consequently, Z R (Q) = 0.
If ϕ has one real zero, counting multiplicity, say α, then α is a unique pole of Q. Moreover, since ϕ ′′ (z) = 0 for z ∈ R by assumption, the function ϕϕ ′′ changes its sign at α and, therefore, ϕ(z)ϕ ′′ (z) < 0 in one the intervals (−∞, α) and (α, +∞). Consequently, by (1.4), Q(z) = 0 in one of the intervals (−∞, α) and (α, +∞). Without loss of generality, we may suppose that Z (−∞,α] (Q) = 0. Then according to Lemma 3 and Remark 1.5, we obtain that Q has at most one zero in the interval (α, +∞). But the number of real zeros of Q is even by Corollary 2, and Q has no zeros in the interval (−∞, α]. Therefore, Q cannot have zeros in the interval (α, +∞), so Z R (Q) = 0, as required.
Thus, we have found out that Q has at most one real zero, counting multiplicity, in an interval if the functions ϕ, ϕ ′ , ϕ ′′ and Q 1 have no real zeros in this interval. Now we study the multiple zeros of Q and its zeros common with some other above-mentioned functions. From (1.4) it follows that all zeros of ϕ ′ of multiplicity at least 2 are also zeros of Q and all zeros of ϕ ′ of multiplicity at least 3 are multiple zeros of Q. The following lemma provides the information about common zeros of Q and Q 1 .
Lemma 4.
Let ϕ ∈ L − P * and let a and b be real and let
By assumption, ξ is a zero of F 1 of multiplicity M and F (ξ) = 0. First, we prove that ξ is a zero of F of multiplicity M + 1.
Since ϕ ′ (z) = 0 for z ∈ (a, b) by assumption, from (1.8) it follows that
Substituting this expression into the formula (1.8), we obtain
since ϕ ′′ (z) = 0 for z ∈ (a, b) by assumption. Differentiating this equality j times with respect to z, we get
.
(1.17)
1 (ξ) = 0 and F (i) (ξ) = 0, i = 0, 1, . . . , j. Consequently, ξ is a zero of F of multiplicity at least M + 1. But by assumptions, the formula (1.17) gives the following equality
Hence, ξ is a zero of F of multiplicity exactly M + 1. But ϕ(ξ) = 0 by assumption, therefore, ξ is a zero of Q of multiplicity M + 1. It remains to prove that Q has no zeros in (a, b] except ξ. In fact, consider the interval (a, ξ). According to Lemma 3, Q can have a zero at ξ only if the inequality (1.11) holds and Q(z) = 0 for z ∈ (a, ξ). Furthermore, the function ϕ ′ ϕ ′′ does not change its sign at ξ but the function QQ 1 does, since ξ is a zero of QQ 1 of multiplicity 2M + 1. Thus, for all sufficiently small δ > 0, Proof. As in Corollary 3, we note that ϕ has at most one real zero by Rolle's theorem.
Case I. Let ϕ(z) = 0 for z ∈ R and let ξ be a unique real zero of Q 1 . By Corollary 2 (see Remark 1.4), ξ is a zero of Q 1 of even multiplicity 2M . In this case, the number ξ cannot be zero of Q. In fact, if Q(ξ) = 0, then, by Lemma 4 applied on the real axis, ξ is a unique real zero of Q of multiplicity 2M + 1, that is, Z {ξ} (Q) = Z R (Q) = 2M + 1. This contradicts Corollary 2. So, Q(ξ) = 0. Since ξ is a unique real zero of Q 1 of even multiplicity, Q 1 has equal signs in the intervals (−∞, ξ) and (ξ, +∞). By Lemma 3 applied to these intervals, Q can have at most one zero in each of the intervals (−∞, ξ) and (ξ, +∞). But if Q has a zero in the interval (−∞, ξ), then Q(z) = 0 for z ∈ (ξ, +∞). In fact, if ζ ∈ (−∞, ξ) is a zero of Q, then ζ is simple zero of Q by Lemma 3.
Moreover, Q(z) = 0 for z ∈ (ζ, ξ], since (see the proof of Lemma 3), for all sufficiently small δ > 0, we have
But the functions ϕ ′ , ϕ ′′ , Q and Q 1 do not change their signs at ξ, therefore, we have the inequality (1.19) in a small right-sided neighborhood of ξ. Consequently, Q(z) = 0 in (ξ, +∞) by Lemma 3. Thus, if Q has real zeros, then it has at most one zero in one of the intervals (−∞, ξ) and (ξ, +∞), that is, Z R (Q) 1. Now Corollary 2 implies Z R (Q) = 0.
Case II. If ϕ has one real zero, counting multiplicity, say α, then α is a unique pole of Q. In this case, as in the proof of Corollary 3, one can show that Q(z) = 0 in one of the intervals (−∞, α) and (α, +∞). Without loss of generality, we may assume that
Let ξ be a unique real zero of Q 1 and ξ ∈ (−∞, α], then, by Lemma 3 (see Remark 1.5), Q has at most one zero in (α, +∞). Since Z (α,+∞) (Q) is an even number, Z R (Q) = 0.
If ξ ∈ (α, +∞), then, by the same argument as in Case I, one can show that
We now provide a general bound on the number of real zeros of Q in terms of the number of real zeros of Q 1 in a given interval.
Therefore, the inequality (1.20) holds automatically in this case.
, then, by Lemma 3, Q has at most one real zero, counting multiplicity, in (a, b). Therefore, (1.20) also holds in this case.
If Q 1 has a unique zero ξ in (a, b) and Q(ξ) = 0, then, by Lemma 3, Q has at most one real zero in each of the intervals (a, ξ) and (ξ, b):
where Z (a,ξ) (Q 1 ) = 0, and
where
Thus, summing the inequalities (1.21)-(1.23), we obtain (1.20).
If Q 1 has a unique zero ξ in (a, b) and Q(ξ) = 0, then, by Lemma 4, we have
and Q(z) = 0 for z ∈ (a, ξ) ∪ (ξ, b). Therefore, the inequality (1.20) is also true in this case. Now, let Q 1 have exactly r 2 distinct real zeros, say ξ 1 < ξ 2 < . . . < ξ r , in the interval (a, b). These zeros divide (a, b) into r + 1 subintervals. If, for some number i, 1 i r, Q(ξ i ) = 0 and Q(ξ i−1 ) = 0 (if i = 1), then, by Lemma 3, Q has at most one real zero, counting multiplicity,
If, for some number i, 1 i r − 1, Q(ξ i ) = 0 and ξ i is a zero of Q 1 of multiplicity M , then, by Lemma 4, Q has only one zero ξ i of multiplicity M +1 in (ξ i−1 , ξ i+1 ]. But in the interval (ξ i−1 , ξ i+1 ], Q 1 has at least M + 1 real zeros, counting multiplicities (namely, ξ i which is a zero of multiplicity M , and ξ i+1 ). Therefore, in this case, the following inequality holds
Thus, if Q(ξ r ) = 0, then from (1.24)-(1.25) it follows that
But by Lemma 3, Q has at most one real zero, counting multiplicity, in the interval (ξ r , b). Consequently, if Q(ξ r ) = 0, then the inequality (1.20) is valid. If Q(ξ r ) = 0, then, by Lemma 4, Q(ξ r−1 ) = 0 (otherwise, ξ r cannot be a zero of Q) and from (1.24)-(1.25) it follows that We are now in a position to establish an analogous relation between the number of real zeros of Q and Q 1 on the real line.
(1.29)
Proof. As in Corollary 3, we note that ϕ has at most one real zero, counting multiplicity, by Rolle's theorem.
Case I. Let ϕ(z) = 0 for z ∈ R. Then we can apply Lemma 5 (see also Corollaries 3 and 4) on the real axis to obtain 0
that is equivalent to (1.29), since the numbers Z R (Q) and Z R (Q 1 ) are both even by Corollary 2 and Remark 1.4.
Case II. If ϕ has one real zero, counting multiplicity, say α, then α is a unique pole of Q. In this case, as in the proof of Corollary 3, one can show that Q(z) = 0 in one of the intervals (−∞, α) and (α, +∞). Without loss of generality, we assume that Q(z) = 0 for z ∈ (−∞, α]. Then by Corollary 2, the number Z (α,+∞) (Q) is even and the following inequality holds
By Lemma 5 (see Remarks 1.5, 1.6 and 1.7), we obtain
The inequalities (1.31)-(1.32) imply (1.30), which is equivalent to (1.29) as we showed above.
We now embark on a more detailed analysis of the zeros of ϕ, ϕ ′ , and ϕ ′′ . For convenience, we use α j to denote the zeros of ϕ, β j to denote the zeros of ϕ ′ , and γ j to denote the zeros of ϕ ′′ . We have already used this convention in Lemma 1, Lemma 2 and their Corollaries. In the following lemma, we consider an arbitrary pair of zeros of ϕ ′′ , so we denote them by γ (1) , γ (2) . Lemma 6. Let ϕ ∈ L − P * and let γ (1) and γ (2) , γ (1) < γ (2) , be real zeros of ϕ ′′ such that ϕ(z) = 0 and ϕ ′ (z) = 0 for z ∈ [γ (1) , γ (2) ] and suppose that ϕ ′′ has exactly q 2 zeros, counting multiplicities, in the interval [γ (1) , γ (2) ]. Then Q has an even number of zeros in [γ (1) , γ (2) ] and one of the following hold:
(1.33)
II. If q is an even number and ϕ(γ
Proof. We assume that ϕ ′′ has exactly r q distinct zeros in the interval [γ (1) , γ (2) ], say γ (1) = γ 1 < γ 2 < . . . < γ r−1 < γ r = γ (2) . Below in the proof, we denote the interval [ I. Let q be an odd number.
, then, by (1.4), we have the inequalities
which are exactly (1.33).
If, for some i, 2 i r, ϕ(z)ϕ ′′ (z) > 0 in the interval (γ i−1 , γ i ), then, by Lemma 5, we have
Moreover, there can be only two possibilities:
I.1. If the number γ i is a zero of ϕ ′′ of even multiplicity (at least two), then, according to (1.6), γ i is a zero of Q 1 of multiplicity at least one, but Q(γ i ) = 0 by (1.36). From these facts and from the inequality (1.37) we obtain
For the sequel, we notice that, in this case, ϕ ′′ has an even number of zeros, counting multiplicities, in the interval (γ i−1 , γ i ].
I.2. If the number γ i , i < r, is a zero of ϕ ′′ of odd multiplicity (at least one), then ϕ(z)ϕ ′′ (z) is nonpositive in [γ i , γ i+1 ], so Q(z) = 0 in this interval by (1.4). But Q 1 has an odd number (at least one) of real zeros in (γ i , γ i+1 ) according to Lemma 1 applied to Q 1 , therefore,
This inequality and the inequality (1.37) imply
Suppose that γ j , i + 1 j r, is the next zero of ϕ ′′ of odd multiplicity, i.e., we assume that the multiplicity of each of γ i+1 , . . . , γ j−1 is even, while the multiplicity of γ j is odd. Then we have ϕ(z)ϕ ′′ (z) 0 and, therefore, Q(z) < 0 for z ∈ (γ i+1 , γ j ] according to (1.4) . But by Lemma 1 applied to
. This fact and the inequality (1.40) imply
(1.41)
As well as in Case I.1, we notice that ϕ ′′ has an even number of zeros, counting multiplicities, in the interval (γ i−1 , γ j ]. It follows from the fact that γ i and γ j are zeros of ϕ ′′ of odd multiplicities and γ i+1 , . . . , γ j−1 are zeros of ϕ ′′ of even multiplicities.
Let l, 1 l r − 1, be an integer such that ϕ(z)ϕ ′′ (z) is nonpositive in the interval [γ 1 , γ l ] and positive in the interval (γ l , γ l+1 ). Then by (1.4), Q(z) = 0 for z ∈ [γ 1 , γ l ], and we have the following inequality
If γ r is a zero of ϕ ′′ of even multiplicity or if ϕ(z)ϕ ′′ (z) < 0 in (γ r−1 , γ r ), then the interval (γ l , γ r ] consists only of the subintervals described in Cases I.1 and I.2. Consequently, from the inequalities (1.38), (1.41), (1.42) we obtain
(1.43)
Let γ r be a zero of ϕ ′′ of odd multiplicity and let ϕ(z)ϕ ′′ (z) > 0 in (γ r−1 , γ r ) and let l 2. Then the interval (γ l , γ r−1 ] consists only of subintervals described in Cases I.1 and I.2 and, therefore,
(1.44) Moreover, since l 2 by assumption, we have Q(z) = 0 for z ∈ [γ 1 , γ l ], but Q 1 has at least one zero in [γ 1 , γ l ] as we mentioned above. Consequently, in this case, we can improve the inequality (1.42) to the following one:
by Lemma 5 and by the fact that Q(γ r ) = 0 (see (1.36)). Summing the inequalities (1.44)-(1.46), we again obtain (1.43).
At last, let γ r also be a zero of ϕ ′′ of odd multiplicity and let ϕ(z)ϕ ′′ (z) > 0 in (γ r−1 , γ r ), but let l = 1. In this case, by the same reasoning as above, the inequalities (1.44) (for l = 1) and (1.46) hold. Recalling the final remarks in Cases I.1 and I.2, we conclude that ϕ ′′ has an even number of zeros in the interval (γ 1 , γ r−1 ]. Since ϕ ′′ has an odd number q of zeros in [γ 1 , γ r ] and γ r is a zero of ϕ ′′ of odd multiplicity by assumption, γ 1 must be a zero of ϕ ′′ of even multiplicity. But (1.6) shows that every zero of ϕ ′′ of even multiplicity is a zero of Q 1 of odd multiplicity. Consequently, γ 1 is a zero of Q 1 of multiplicity at least one, and we have
(1.47)
Summing the inequalities (1.44), (1.44) and (1.47), we also obtain the inequality (1.43).
Thus, the number of zeros of Q in the interval [γ 1 , γ r ] does not exceed the number of zeros of Q 1 in this interval. This implies the validity of the inequalities (1.33) where the lower bound cannot be improved, since the number of zeros of Q in the interval [γ 1 , γ r ] is even as we showed above (see (1.36)).
II. Now let q = 2M and ϕ(γ 1 − ε)ϕ ′′ (γ 1 − ε) > 0 for all sufficiently small ε > 0.
At first, we assume that one of the γ i , i = 1, . . . , r, is a zero of ϕ ′′ of odd multiplicity. Let γ j , 1 j r−1, be 3 the closest to γ 1 (possibly γ 1 itself) zero of ϕ ′′ of odd multiplicity. Since ϕ ′′ has an odd number of zeros in the interval [γ 1 , γ j ], ϕ ′′ has different signs in the interval (γ j , γ j+1 ) and in the left-sided neighborhood of γ 1 , where ϕ(z)ϕ ′′ (z) is positive by assumption. Consequently, ϕ(z)ϕ ′′ (z) is negative in (γ j , γ j+1 ), because ϕ(z) = 0 for z ∈ [γ 1 , γ r ] by assumption. Hence, according to (1.4), Q(z) = 0 in the interval (γ j , γ j+1 ), and we have
since Q 1 has an odd number (at least one) of zeros, counting multiplicities, in (γ j , γ j+1 ) by Lemma 1 applied to Q 1 on the interval (γ j , γ j+1 ). On the other hand, inasmuch as ϕ ′′ has an odd number of zeros, counting multiplicities, in both the intervals [γ 1 , γ j ] and [γ j+1 , γ r ], it follows from Case I that
Since ϕ ′′ has an even number of real zeros in [γ1, γr] by assumption, there is always even number of zeros of ϕ ′′ of odd multiplicities in [γ1, γr]. Thus, γr cannot be the closest to γ1 (and thereby the only) zero of ϕ ′′ of odd multiplicity. 4 If γj = γ1 and γ1 is a zero of ϕ ′′ of multiplicity K > 1, then γ1 is a zero of Q1 of multiplicity K − 1 according to (1.6) . If γ1 is a simple zero of ϕ ′′ , then γ1 is not a zero of Q1. In both cases, (1.49) reduces to the following inequality
(1.50)
The inequalities (1.48)-(1.50) together give the inequality (1.34).
Now we assume that all γ i , i = 1, . . . , r, are zeros of ϕ ′′ of even multiplicities. Therefore,
and ϕ ′′ has equal signs in all intervals (γ i , γ i+1 ), i = 1, . . . , r − 1. Since ϕ(z)ϕ ′′ (z) is positive in a small left-sided neighborhood of γ 1 by assumption, it is positive in each of the intervals (γ i , γ i+1 ), i = 1, . . . , r − 1. Thus, we have
. . , r (see (1.36)), Q has an even number of zeros in each of the interval (γ i , γ i+1 ). This fact implies the lower estimate in (1.52). The upper bound follows from Lemma 5 applied to the intervals (γ i , γ i+1 ) and from (1.51). Further, Q 1 has exactly 2M − r zeros, counting multiplicities, among the points
where the lower bound cannot be improved, since Q has an even number of zeros in the interval [γ 1 , γ r ] as we showed above (see (1.36)). So, the inequalities (1.34) are also valid in this case.
III. At last, let q = 2M and let
for sufficiently small ε > 0. If ϕ ′′ has zeros of odd multiplicities in the interval [γ 1 , γ r ], then this case differs from Case II only by the sign of the function ϕϕ ′′ in the interval (γ j , γ j+1 ), where γ j is the closest to γ 1 (possibly γ 1 itself) zero of ϕ ′′ of odd multiplicity. Thus, now we have ϕ(z)ϕ ′′ (z) > 0 in (γ j , γ j+1 ), since ϕ ′′ has an odd number of zeros in [γ 1 , γ j ] (see (1.54)). Therefore, instead of the inequalities (1.48) of Case II, we have Further, we derive a very useful bound on the number of real zeros of Q in terms of the number of real zeros of Q 1 between two consecutive zeros of ϕ ′ . Corollary 6. Let ϕ ∈ L − P * . If β 1 and β 2 , β 1 < β 2 , are consecutive real zeros of ϕ ′ and ϕ(z) = 0 for z ∈ (β 1 , β 2 ), then
Proof. By Lemma 1, Q has an odd number of zeros in the interval (β 1 , β 2 ), therefore,
According to Rolle's theorem, ϕ ′′ has an odd number of real zeros, counting multiplicities, in the interval (β 1 , β 2 ). Let γ S and γ L be the smallest and the largest zeros of ϕ ′′ in the (β 1 , β 2 ). If γ S < γ L , then from Case I of Lemma 6 it follows that
Without loss of generality, we may assume that the function ϕ(z)ϕ ′′ (z) is positive in the inter-
(1.61)
We cannot improve this inequality, since Q 1 has an even number of zeros in (γ L , β 2 ) by Lemma 1 applied to Q 1 on the interval (γ L , β 2 ). By Lemma 5,
The inequalities (1.58)-(1.62) imply (1.57).
We now address the case when ϕ and ϕ ′ have no real zeros. In this case, the estimates (1.34)-(1.35) can be improved.
Corollary 7.
Let ϕ ∈ L − P * and let ϕ(z) = 0, ϕ ′ (z) = 0 for z ∈ R. Then the inequalities (1.29) hold for ϕ.
Proof. At first, we note that ϕ ′′ cannot have an odd number of real zeros, counting multiplicities, if ϕ(z) = 0 for z ∈ R. In fact, since ϕ ∈ L − P * has no real zeros by assumption, ϕ(z) = e q(z) p(z), where q is a real polynomial of degree at most two and p is a real polynomial with no real zeros. Therefore, deg p is even. Since ϕ ′′ has exactly deg p + 2 deg q − 2 zeros, ϕ ′′ has an even number of real zeros, counting multiplicities, or has no real zeros.
If ϕ ′′ (z) = 0 for z ∈ R, then the inequalities (1.29) follow from Corollary 5.
Let ϕ ′′ have an even number of real zeros, counting multiplicities, say γ 1 γ 2 . . . γ 2r , r 1. If γ 1 = γ 2r , then γ 1 is a unique real zero of ϕ ′′ and its multiplicity is even. Consequently, γ 1 is a zero of Q 1 , according to (1.6). Therefore, the inequality (1.36) implies
(1.63)
Since Q(z) is negative when z = γ 1 (see (1.36)) and when z → ±∞, Q has an even number of zeros in each of the intervals (−∞, γ 1 ) and (γ 1 , +∞). Then by Lemma 5 and Remark 1.7, the following inequalities hold 0
Together with (1.63), these inequalities imply (1.30), which is equivalent to (1.29), since the numbers Z R (Q) and Z R (Q 1 ) are both even by Corollary 2 and Remark 1.4.
Let γ 1 < γ 2r and let ϕ(z)ϕ ′′ (z) > 0 for z ∈ (−∞, γ 1 ). Then ϕ(z)ϕ ′′ (z) > 0 for z ∈ (γ 2r , +∞), since ϕ ′′ has equal signs in the intervals (−∞, γ 1 ) and (γ 2r , +∞) and ϕ(z) = 0 for z ∈ R by assumption. By Lemma 5 and Remark 1.7, the inequalities (1.64) hold and 0 Z (γ 2r ,+∞) (Q) 1 + Z (γ 2r ,+∞) (Q 1 ).
(1.65)
Case II of Lemma 6 implies
Now from (1.64)-(1.66) we obtain the inequalities (1.30), which are equivalent to (1.29) as we mentioned above.
If γ 1 < γ 2r and ϕ(z)ϕ ′′ (z) < 0 for z ∈ (−∞, γ 1 ), then ϕ(z)ϕ ′′ (z) < 0 for z ∈ (γ 2r , +∞). Therefore, by (1.4), the following inequalities hold We now analyze the relation between the number of real zeros of Q and the number of real zeros of Q 1 in an interval adjacent to a zero of ϕ. This analysis justifies the introduction of property A (Definition 3).
Lemma 7. Let ϕ ∈ L − P * and let β be a real zero of ϕ ′ and let α > β be a real zero of ϕ such that ϕ ′ (z) = 0 and ϕ(z) = 0 for z ∈ (β, α).
I. If Q 1 has an even number of zeros in the interval
(1.69)
II. If Q 1 has an odd number of zeros in the interval (β, α), then
Proof. According to Lemma 1, Q has an even number of zeros in the interval (β, α). In particular, Q can have no zeros in this interval. Thus, the lower bounds for Z (β 1 ,α) (Q) in (1.69) and in (1.70) are valid and cannot be improved.
I. Let Q 1 have an even number of zeros in (β 1 , α) (or have no zeros at all in this interval).
I.1. At first, we assume that ϕ ′′ has an even number of zeros, counting multiplicities, in (β, α), say β < γ 1 . . . γ 2M < α, where M 0. It is easy to see that, for sufficiently small ε > 0, we have the following inequality
In fact, if ϕ(z) is positive (negative) in (β 1 , α), then it is decreasing (increasing), since ϕ(α) = 0. Consequently, ϕ(z)ϕ ′ (z) < 0 in the interval (β 1 , α) . By the similar reason, we have ϕ ′ (β 1 + ε)ϕ ′′ (β 1 + ε) > 0 for all sufficiently small ε > 0. Thus, the inequality (1.71) is true.
Let ϕ ′′ have zeros in the interval (β, α), that is, let M > 0, then from (1.71) it follows that Q(z) = 0 for z ∈ (β, γ 1 ) (see (1.4) ), so we have 
Moreover, from (1.71) it also follows that ϕ(z)ϕ ′′ (z) < 0 in (γ 2M , α), since ϕ ′′ has equal signs in the intervals (β, γ 1 ) and (γ 2M , α). Therefore,
, that is, let γ 1 be a unique zero of ϕ ′′ of multiplicity 2M in (β, α). Since Z {γ 1 } (Q) = 0 by (1.36) and Q 1 has a zero of multiplicity 2M − 1 at the point γ 1 (see (1.6)), we obtain the following inequality
Likewise, the inequality (1.74) holds for the same reasoning as in the case γ 1 < γ 2M .
Thus, the inequalities (1.72)-(1.75) imply
which is equivalent to (1.69), since the number Z (β,α) (Q) is even by Lemma 1 and Z (β,α) (Q 1 ) is an even number by assumption.
At last, let ϕ ′′ (z) = 0 for z ∈ (β, α). Then from (1.71) and (1.4) it follows that
which is exactly (1.69).
Since Q 1 has an even number of zeros in the interval (β, γ 1 ) by Lemma 1 and Q 1 also has an even number of zeros in (β, α) by assumption, Q 1 can have no zeros in these intervals 5 . Consequently, the inequalities (1.72) and (1.77) cannot be improved.
I.2. Now we assume that ϕ ′′ has an odd number of zeros, counting multiplicities, in the interval (β, α), say β < γ 1 . . . γ 2M +1 < α, where M 0. As in Case I.1, the inequalities (1.71) and (1.72) hold.
If γ 1 < γ 2M +1 , then from Case I of Lemma 6 it follows that
, that is, γ 1 is a unique zero of ϕ ′′ of multiplicity 2M + 1 in the interval (β, α), then Z {γ 1 } (Q) = 0 (see (1.36)) and Q 1 has a zero of multiplicity 2M at the point γ 1 (see (1.6)). Therefore, we have
We note that ϕ(z)ϕ ′′ (z) > 0 in (γ 2M +1 , α), since ϕ ′′ has different signs in intervals (β, γ 1 ) and (γ 2M +1 , α) and the inequality (1.71) holds. Therefore, by Lemma 5, we have
Since Q has an even number of zeros, counting multiplicities, in each of the intervals (β, α) and (β, γ 1 ) (the second interval contains no zeros at all), as well as in (γ 1 , γ 2M +1 ) by Lemmata 1 and 6, Q has an even number of zeros in (γ 2M +1 , α). Therefore, the number Z (γ 2M +1 ,α) (Q) can be equal to zero, and we cannot improve the lower bound in (1.80).
Thus, from (1.72), (1.78)-(1.80) we obtain the inequalities (1.76) again. As above, these inequalities are equivalent to (1.69), since the number Z (β 1 ,α) (Q) is even by Lemma 1 and
is an even number by assumption.
II. If Q 1 has an odd number of zeros in (β, α), then, by the same argument as in Case I, we obtain the inequalities (1.76), which coincide with the inequalities (1.70). But unlike in Case I, these inequalities cannot be improved, since Z (β,α) (Q 1 ) is odd by assumption.
Remark 1.8. Lemma 7 is true if β = −∞ and ϕ(z) = 0, ϕ ′ (z) = 0 for z ∈ (−∞, α) (see Remark 1.7). Lemma 7 is also valid in the case when β > α or in the interval (α, +∞).
Remark 1.9. Recently S. Edwards [8] found the following example of the polynomial, for which the equality holds in (1.70). The polynomial In the interval (−β, β), the polynomial p has only one simple zero α = 0. Straightforward computation shows that, in this case, we have Z (−β,α) (Q(z)) = Z (α,β) (Q(z)) = 2 and
′ . Therefore, for the polynomial p, the inequalities (1.70) have the form
This example shows that the upper bound in (1.70) cannot be improved. We also note that, in this case, Z C (p) = 50, Z C (p ′ ) = 50, Z R (Q) = 4 and Z R (Q 1 ) = 2. So, the polynomial p does not enjoy the inequalities (1.7) of Theorem 2, so necessarily does not possess property A.
For functions with property A, Lemma 7 has the following form.
Corollary 8. Let ϕ ∈ L − P * and let β 1 and β 2 , β 1 < β 2 , be real zeros of ϕ ′ and let ϕ have a unique real zero α in the interval (β 1 , β 2 ) such that ϕ ′ (z) = 0 for all z ∈ (β 1 , α) ∪ (α, β 2 ). If ϕ possesses property A at its zero α, then
Proof. We consider two situations: the number α is a zero of Q 1 of even multiplicity (possibly not a zero of Q 1 ) and α is a zero of Q 1 of an odd multiplicity.
Case I. Let the number α be a zero of Q 1 of an even multiplicity, including the situation Q 1 (α) = 0. By the same method as in the proof of Corollary 2, one can show that Q 1 has an even number of zeros between two consecutive zeros of ϕ ′ , therefore, Q 1 has an even number of zeros in the interval (β 1 , β 2 ). Thus, there can be only two possibilities:
I.1. The function Q 1 has an even number of zeros in each of the intervals (β 1 , α) and (α, β 2 ). Then the inequalities (1.81) follow 6 from the fact that Z {α} (Q) = 0 and from the inequalities (1.69), which hold in this case according to Lemma 7 (see also Remark 1.8).
I.2. The function Q 1 has an odd number of zeros in each of the intervals (β 1 , α) and (α, β 2 ). Then Lemma 7 and Remark 1.8 provide the validity of the inequalities (1.70) in each of the intervals (β 1 , α) and (α, β 2 ):
Since ϕ possesses property A at α, we have Q(z) = 0 in at least one of the intervals (β 1 , α) and (α, β 2 ).
If Q(z) = 0 for z ∈ (β 1 , α), then Z (β 1 ,α) (Q) = 0. Since Q 1 has an odd number of zeros in the interval (β 1 , α) (hence at least one) by assumption, the inequality (1.82) can be improved to yield
Together with (1.83) and the fact that Z {α} (Q) = 0, this inequality gives (1.81).
If Q(z) = 0 in the interval (α, β 2 ), then (1.81) can be proved analogously.
Case II. Let the number α be a zero of Q 1 of odd multiplicity (hence at least one). By assumption, ϕ possesses property A. At first, we assume that Q(z) = 0 in the interval (β 1 , α). As we mentioned in Case I, Q 1 has an even number of zeros in the interval (β 1 , β 2 ), so there can be only the following two situations: II.1. The function Q 1 has an odd number of zeros in the interval (β 1 , α) and it has an even number of zeros in (α, β 2 ). Then as above, we have the inequality (1.84) in the interval (β 1 , α) and the inequality 0 Z (α,β 2 ) (Q) Z (α,β 2 ) (Q 1 ), which follows from Lemma 7 and Remark 1.8. Together with (1.84) and the fact that Z {α} (Q) = 0, this inequality gives (1.81).
II.2. The function Q 1 has an even number of zeros in the interval (β 1 , α) and Q 1 has an odd number of zeros in (α, β 2 ). Then the number Z (β 1 ,α) (Q 1 ) can also be zero and we have the following inequality
By Lemma 7 and Remark 1.8, we obtain the inequality (1.83). But since Q 1 (α) = 0 by assumption and Q(α) = 0 by (1.4), we have the inequality
which, together with the inequality (1.83), implies
From this inequality and the inequality (1.85) we again obtain (1.81).
If Q(z) = 0 in the interval (α, β 2 ), then the inequality (1.81) can be proved analogously. Remark 1.11. If α is a multiple zero of ϕ ∈ L − P * and β 1 and β 2 , β 1 < β 2 , are zeros of ϕ ′ such that ϕ(z) = 0 and ϕ ′ (z) = 0 for all z ∈ (β 1 , α) ∪ (α, β 2 ), then the inequalities (1.81) hold, since we have Case I of Lemma 7 in both intervals (β 1 , α) and (α, β 2 ) in this case.
We now examine the case when ϕ has a unique real zero α and possesses property A at α. Our next lemma is devoted to the case when ϕ does not have a zero between two (not necessary consecutive) zeros of ϕ ′ . Lemma 8. Let ϕ ∈ L − P * and let β (1) and β (2) , β (1) β (2) , be zeros of ϕ ′ and let ϕ(z) = 0 for z ∈ [β (1) , β (2) ]. If ϕ ′ has exactly q 2 real zeros, counting multiplicities, in the interval [β (1) , β (2) 
Proof. In fact, if some real number β is a zero of ϕ ′ of multiplicity M , then β is a zero of Q of multiplicity M − 1 according to (1.4) . Therefore, the following inequalities hold:
since Z {β} (Q 1 ) = 0 by (1.6). Thus, if ϕ ′ has exactly l, 1 l q, distinct real zeros, say β (1) = β 1 < β 2 < . . . < β l = β (2) , in the interval [β (1) , β (2) ], then Q has exactly q − l real zeros at the points β i , i = 1, 2, . . . , l, so from (1.89) it follows
is a zero of ϕ ′ of multiplicity q. By (1.90), we have the following inequalities
which are equivalent to (1.88), since
. . , l − 1. Applying Corollary 6 to each of these subintervals, we get
, we obtain (1.88) by summing the inequalities (1.90) and (1.92) or, if β (1) = β (2) , directly from (1.91).
The next corollary concerns half-infinite intervals adjacent to the largest zero of ϕ.
Corollary 10. Let ϕ ∈ L − P * and let α L be the largest zero of ϕ. If ϕ ′ has exactly r 1 zeros in the interval (α L , +∞), counting multiplicities, and β S is the minimal one, then
where r 2 is the largest integer not exceeding r 2 .
Proof. Let β S = β 1 β 2 . . . β r be the zeros of ϕ ′ in the interval (α L , +∞). Lemma 8 gives
We consider the following two cases.
Case I. The number r is odd. There can be only the following two situations:
I.1. The function ϕ ′′ has an odd number of zeros, counting multiplicities, in the interval (β r , +∞),
From the analyticity of ϕ and ϕ ′ it follows that
for all sufficiently small ε > 0, and
for all sufficiently small δ > 0. Since r is an odd number, ϕ ′ has different signs in the intervals (α L , β 1 ) and (β r , +∞). Therefore, from (1.95) we obtain
for sufficiently small δ > 0, since ϕ(z) = 0 for z ∈ (α L , +∞). Hence, from (1.96) and (1.97) it follows that ϕ(β r + ε)ϕ ′′ (β r + ε) < 0 (1.98)
for sufficiently small ε > 0. This means that Q(z) < 0 for z ∈ (β r , γ 1 ) by (1.4), so
Here the upper bound cannot be improved, since Q 1 has an even number of zeros in the interval (β 1 , γ 1 ) according to Lemma 1 applied to Q 1 . By Case I of Lemma 6, we have
But ϕ ′′ has different signs in the intervals (β 1 , γ 1 ) and (γ 2M +1 , +∞), therefore, by (1.98),
for sufficient small δ > 0, so the number Z (γ 2M +1 ,+∞) (Q) can be positive according to (1.4 ). Now we note that Q has an even number of zeros in (β r , +∞) and in [γ 1 , γ 2M +1 ] by Corollary 1 and Lemma 6. Since Q has no zeros in (β r , γ 1 ), it has an even number of zeros in the interval (γ 2M +1 , +∞). Lemma 5 and Remark 1.7 imply the validity of the inequality (1.20) for (γ 2M +1 , +∞):
Applying Corollary 1 to Q 1 on the interval (γ 2M +1 , +∞), we obtain that Q 1 has an even number of zeros in (γ 2M +1 , +∞) too. Consequently, the inequality (1.101) can be improved to the following one 0
Here the lower bound follows from the fact, proved above, that Q has an even number of zeros in (γ 2M +1 , +∞). Now the inequalities (1.94), (1.99), (1.100) and (1.102) imply
which is equivalent to (1.93), since r is odd, so 2 r 2 = r − 1.
I.2. The function ϕ ′′ has an even number of zeros, counting multiplicities, in the interval (β r , +∞),
Let M = 0, that is, ϕ ′′ (z) = 0 for z ∈ (β r , +∞). Since r is an odd number, the inequality (1.98) holds as we proved above. Therefore, 0 = Z (βr,+∞) (Q) Z (βr,+∞) (Q 1 ).
Combined with (1.94), this inequality implies (1.103), which is equivalent to (1.93) as we explained above. Let M > 0, then (1.98) and Case III of Lemma 6 imply
As above, the inequality (1.98) implies (1.99). Moreover, from the fact that ϕ ′′ has an even number of zeros in (β r , +∞) it follows that ϕ ′′ has equal signs in the intervals (β r , γ 1 ) and (γ 2M , +∞). Then by (1.98), we have the following inequality
for sufficiently small ε, so Z (γ 2M ,+∞) (Q) = 0 by (1.4). Applying Corollary 1 to Q 1 , we obtain that Q 1 has an odd number of zeros in (γ 2M +1 , +∞) (at least one). Therefore, we have
Now from (1.94), (1.99), (1.104) and (1.106) we again obtain the inequalities (1.103), which are equivalent to (1.93) as above.
Case II. The number r > 0 is even. There also can be only two situations:
II.1. The function ϕ ′′ has an even number of zeros, counting multiplicities, in the interval (β r , +∞),
Let M > 0. According to Corollary 1, Q has an odd number of zeros in (β r , +∞). But Q(z) is negative for sufficiently large real z as was shown in the proof of Theorem 1, therefore,
for sufficiently small ε > 0. From (1.36) it follows that Q(γ 1 ) < 0, consequently, Q has an odd number of zeros (at least one) in the interval (β r , γ 1 ). This fact and Lemma 5 imply the following inequalities 1
By Lemma 1 applied to Q 1 , the latter has an even number of zeros in the interval (β r , γ 1 ). Hence, the inequalities (1.108) cannot be improved.
Since ϕ ′′ has an even number of zeros, counting multiplicities, in the interval (β r , +∞), ϕ ′′ has equal signs in the intervals (β r , γ 1 ) and (γ 2M , +∞). But Q has at least one zero in (β r , γ 1 ) (see (1.108)), therefore from (1.4) it follows that ϕ(z)ϕ ′′ (z) is positive in (β r , γ 1 ). Consequently, ϕ(z)ϕ ′′ (z) is also positive in (γ 2M , +∞). Thus, by (1.4), the number Z (γ 2M ,+∞) (Q) can be positive. Moreover, since Q(z) is negative for z sufficiently close to γ 2M (see (1.36)) and for sufficiently large real z (see the proof of Theorem 1), Q has an even number of zeros in (γ 2M , +∞). Lemma 5 and Remark 1.7 imply
Here the upper bound cannot be improved, since Q 1 has an odd number of zeros in the interval (γ 2M , +∞) by Corollary 1 applied to Q 1 .
Since ϕ(z)ϕ ′′ (z) > 0 in (β 1 , γ 1 ) (see (1.108) and (1.4)), by Case II of Lemma 6, we have
Now from (1.94) and (1.108)-(1.110) we obtain the following inequalities r Z (βs,+∞) (Q) r + Z (βs,+∞) (Q 1 ), (1.111) which are equivalent to (1.93), since r is even, so 2 r 2 = r.
If M = 0, that is, ϕ ′′ (z) = 0 in the interval (β r , +∞), then we have the inequalities
where the upper bound follows from Lemma 5 and Remark 1.7, and the lower bound follows from (1.107) and from the fact that Q(z) < 0 for sufficiently large real z.
By (1.94) and (1.112), we again obtain (1.111), which is equivalent to (1.93) as we showed above.
II.2. The function ϕ ′′ has an odd number of zeros, counting multiplicities, in the interval (β r , +∞),
As in Case II.1, Corollary 1 implies the inequality (1.107), from which the inequalities (1.108) follow by Lemma 5 and Remark 1.7. Furthermore, from Case III of Lemma 6 we obtain the inequalities (1.100). Since Q has at least one zero in the interval (β r , γ 1 ) (see (1.108)), ϕ(z)ϕ ′′ (z) > 0 in (β r , γ 1 ) by (1.4). But ϕ ′′ has an odd number of zeros in (β r , +∞) by assumption, and ϕ(z) = 0 in this interval, therefore, ϕ(z)ϕ ′′ (z) < 0 in (γ 2M +1 , +∞) and Q has no zeros in the interval (γ 2M +1 , +∞). This fact implies the following inequality
which, together with (1.100), and (1.108) implies (1.112). Now by (1.94) and (1.112), we obtain (1.111), which is equivalent to (1.93) as we showed in Case II.1. 
Here E(ϕ ′ ) is the number of extra zeros of ϕ ′ .
Proof. Without loss of generality, we assume that b > 0 and the leading coefficient of p is also positive. Then ϕ(z) → +∞ whenever z → +∞ and ϕ(z) → 0 whenever z → −∞.
We consider the following two cases: I. p has no real zeros, and II. p has at least one real zero.
Case I. Let p(z) = 0 for z ∈ R, then deg p is even and ϕ ′ (z) = e bz [p ′ (z) + bp(z)]. Thus, ϕ ′ has no real zeros or it has an even number of real zeros, all of which are extra zeros of ϕ ′ . If ϕ ′ (z) = 0 for z ∈ R, then E(ϕ ′ ) = 0, and, by Corollary 7, we obtain the validity of (1.29), which is equivalent to (1.114) in this case.
Let ϕ ′ have an even number of real zeros, say β 1 β 2 . . . β 2r , where r > 0, then E(ϕ ′ ) = 2r. Since b > 0 and ϕ(z) > 0 for z ∈ R by assumption, ϕ ′ (z) → +∞ whenever z → +∞ and ϕ ′ (z) → + 0 whenever z → −∞. In particular, we have
Also ϕ ′′ (z) → +∞ whenever z → +∞ and ϕ ′′ (z) → + 0 whenever z → −∞. By the analyticity of ϕ ′ , the following inequalities hold
for all sufficiently small ε > 0 and δ > 0 (see (1.96)). These inequalities with (1.115) imply ϕ ′′ (β 1 − ε) < 0 and ϕ ′′ (β 2r + δ) > 0 for all sufficiently small positive ε and δ. Therefore, ϕ ′′ has an odd number of zeros in the interval (−∞, β 1 ) and an even number of zeros (or no zeros) in the interval (β 2r , +∞). Moreover, Q(β 1 − ε) < 0 and Q(β 2r + δ) > 0 for all sufficiently small δ > 0 and ε > 0, since the sign of Q in a small vicinity of a real zero of ϕ ′ equals the sign of ϕϕ ′′ in that vicinity (see (1.4)) and since ϕ(z) > 0 for z ∈ R by assumption. As was mentioned in Theorem 1, Q(z) is negative for sufficiently large real z, consequently, Q has an even number of zeros (possibly no zeros) in the interval (−∞, β 1 ) and an odd number of zeros in (β 2r , +∞). Thus,
If ϕ ′′ has zeros in (β 2r , +∞), say γ
2M , M > 0, then, by (1.117) and by Case II of Lemma 6, we have
(1.120) Lemma 5 and Remark 1.7 yield
Then from (1.118) and (1.120)-(1.122) it follows that
These inequalities cannot be improved, since Z (β 2r ,+∞) (Q 1 ) is even by Lemma 2 applied to Q 1 . If ϕ ′′ (z) = 0 for z ∈ (β 2r , +∞), then, by Lemma 5 with Remark 1.7 and by (1.118), we obtain the inequalities (1.123) again.
Since ϕ ′′ has an odd number of zeros in (−∞, β 1 ), say γ
Indeed, the inequalities (1.124) follow from Lemma 5 with Remark 1.7 and the fact that Q 1 has an even number of zeros in (−∞, γ These inequalities are equivalent to (1.114), since E(ϕ ′ ) = 2r.
Case II. Let ϕ have at least one real zero.
Let α S and α L be the smallest and the largest zeros of ϕ. It is easy to see that, for all sufficiently small ε > 0,
Also since ϕ(z) → 0 whenever z → −∞, we have, for sufficiently large negative C, Further, by assumption, ϕ(z) is positive for z ∈ (α L , +∞) and tends to +∞ whenever z tends to +∞. Therefore, ϕ ′ (z) → +∞ as z → +∞ and, by (1.95), we have ϕ ′ (z) > 0 in a small right-sided neighborhood of the point α L . Consequently, ϕ ′ has an even number of zeros, counting multiplicities, say 2r + 0, in the interval (α L , +∞). If ϕ ′ has at least one zero in (α L , +∞) and β + S is the smallest one, then, by Corollary 10, we have
II.1 Let ϕ have a unique real zero α.
If ϕ ′ has no zeros in the interval (α, +∞) and has exactly 2r − +1 zeros, counting multiplicities, in (−∞, α), then from Corollary 8 and Remark 1.10 it follows that 
S ), we use Corollary 8 to yield
where β − L is the largest zero of ϕ ′ in the interval (−∞, α 1 ). The existence of this zero was proved above.
If ϕ ′ has no zeros in the interval (α l , +∞), then, by Corollary 8 and by Remark 1.10, we have
(1.135)
Thus, if we suppose that ϕ ′ has 2r − + 1 zeros, counting multiplicities, in (−∞, α 1 ), then If ϕ ′ has at least one zero in the interval (α l , +∞) and β + S is the smallest one, then, by Corollary 8, we have 0
If we suppose that ϕ ′ has 2r + > 0 zeros, counting multiplicities, in the interval (α l , +∞) and it has 2r − +1 zeros, counting multiplicities, in (−∞, α 1 ), then E(ϕ ′ ) = 2r − +2r + +1+ 114) follows from (1.129), (1.134), (1.133), (1.136) and (1.130) . Now we derive a bound on the number of real zeros of Q associated with a real polynomial. 
where E(ϕ ′ ) is the number of extra zeros of ϕ ′ .
II. If ϕ has at least one real zero, then the inequalities (1.114) hold.
Proof. Without loss of generality, we may assume that the leading coefficient of ϕ is positive. Then ϕ(z) → +∞ whenever z → +∞ and ϕ(z) → ∞ whenever z → −∞.
I. Let ϕ(z) = 0 for z ∈ R. Then deg ϕ is even and deg ϕ ′ = deg ϕ − 1. Consequently, ϕ ′ has an odd number of zeros, all of which are extra zeros of ϕ ′ (see (1.1)).
We denote the real zeros of ϕ ′ by β 1 β 2 . . . β 2r+1 , so E(ϕ ′ ) = 2r + 1. By assumption, ϕ(z) > 0 for z ∈ R, therefore, ϕ ′ (z) → +∞ whenever z → +∞ and ϕ ′ (z) → −∞ whenever z → −∞. Consequently, ϕ ′ (z) < 0 for z ∈ (−∞, β 1 ) and ϕ ′ (z) > 0 for z ∈ (β 2r+1 , +∞). Also ϕ ′′ (z) → +∞ whenever z → ±∞. As in the proof of Theorem 3, one can show that the inequality (1.116) holds and implies ϕ ′′ (β 1 − ε) > 0 for all sufficiently small ε > 0. Analogously to (1.117), we have
for all sufficiently small δ > 0, that is, ϕ ′′ (β 2r+1 + δ) > 0. Therefore, ϕ ′′ has an even number of zeros in each of the intervals (−∞, β 1 ) and (β 2r+1 , +∞). Moreover, since ϕ(z) > 0 for z ∈ R by assumption, Q(β 1 − ε) > 0 and Q(β 2r+1 + δ) > 0 for all sufficiently small δ > 0 and ε > 0 according to (1.4) . But Q(z) < 0 for all sufficiently large real z (see the proof of Theorem 1), consequently, Q has an odd number of zeros in each of the intervals (−∞, β 1 ) and (β 2r+1 , +∞). Thus,
By Lemma 8, we have 2r
Since ϕ ′′ has an even number of zeros in each of the intervals (−∞, β 1 ) and (β 2r+1 , +∞), in the same way as in Case I of Theorem 3 (see (1.123)), one can show that
which is equivalent to (1.137), since E(ϕ ′ ) = 2r + 1 and, therefore, 2 E(ϕ ′ ) 2 = 2r.
II. Let ϕ have at least one real zero and let α S and α L be the smallest and the largest zeros of ϕ.
It is easy to see that the inequality (1.127) holds in this case. Moreover, since ϕ(z) → ∞ whenever z → −∞, we have, for sufficiently large negative C, ϕ(C)ϕ ′ (C) < 0. Consequently, ϕ ′ has an even number of zeros (or has no zeros) in (−∞, α S ), since ϕ(z) = 0 for z ∈ R. Analogously, ϕ ′ has an even number of zeros (or has no zeros) in (α L , +∞). Further, we consider the following two cases.
II.1 Let ϕ has a unique real zero α = α S = α L . If ϕ ′ (z) = 0 for z ∈ R\{α}, then by Corollary 9, the inequality (1.29) holds. The latter is equivalent to (1.114), since E(ϕ ′ ) = 0 in this case.
Now suppose that ϕ ′ has at least one zero in one of the intervals (−∞, α) and (α, +∞).
Without loss of generality, we may assume that ϕ ′ (z) = 0 for z ∈ (−∞, α) and ϕ ′ has an even number of zeros, counting multiplicities, say 2r + > 0, in (α, +∞). Let β 
S is the smallest zero of ϕ ′ in the interval (α 1 , α 2 ) and β Our next theorem concerns the last subclass of entire functions in L − P * with finitely many zeros, namely, polynomials multiplied by exponentials of the form e −az 2 +bz . 
II. If p has at least one real zero, then
Proof. Without loss of generality, we may assume that the leading coefficient of p is positive. Then ϕ(z) → + 0 whenever z → +∞ and ϕ(z) → 0 whenever z → −∞.
I. Let p(z) = 0 for z ∈ R. Then deg p is even and ϕ ′ (z) = e −az 2 +bz g(z), where g is a real polynomial of odd degree, which is equal to deg p + 1. Thus, ϕ ′ has an odd number of zeros, counting multiplicities, say β 1 β 2 . . . β 2r+1 , all of which are extra zeros of ϕ ′ . Therefore, the inequalities (1.141) hold in this case.
Since p(z) = 0 for z ∈ R, ϕ(z) > 0 on the real axis and ϕ(z) → + 0 whenever z → ±∞ by assumption. Then ϕ ′ (z) → − 0 whenever z → +∞ and ϕ ′ (z) → + 0 whenever z → −∞. In particular, ϕ ′ (z) > 0 for z ∈ (−∞, β 1 ) and ϕ ′ (z) < 0 for z ∈ (β 2r+1 , +∞). Also ϕ ′′ (z) → + 0 whenever z → ±∞. From the inequality (1.116) it follows that ϕ ′′ (β 1 − ε) < 0 for all sufficiently small ε > 0. By the similar reasoning, one can show that ϕ ′′ (β 2r+1 + δ) < 0 for all sufficiently small δ > 0. Consequently, ϕ ′′ has an odd number of zeros in each of the intervals (−∞, β 1 ) and (β 2r+1 , +∞). Moreover, since ϕ(z) is positive on the real line by assumption, Q(β 1 − ε) < 0 and Q(β 2r+1 − δ) < 0 for all sufficiently small ε > 0 and δ > 0 by (1.4). Consequently, Q has an even number of zeros in each of the intervals (−∞, β 1 ) and (β 2r+1 , +∞), because Q(z) < 0 for all sufficiently large real z (see the proof of Theorem 1). Thus, in the same way as in the proof of Case I of Theorem 3 (see (1.124)-(1.126)), it is easy to show that
(1.148)
And analogously, 0
Since E(ϕ ′ ) = 2r + 1 in this case, the inequalities (1.141) and (1.148)-(1.149) imply (1.114).
II. Let p have at least one real zero and let α S and α L be the smallest and the largest zeros of ϕ.
It is easy to see that the inequalities (1.127) and (1.128) hold in this case. From these inequalities it follows that ϕ ′ has an odd number of zeros, counting multiplicities, say 2r − + 1, r − 0, in (−∞, α S ), since ϕ(z) = 0 in this interval. Analogously, one can show that ϕ ′ has an odd number of zeros, counting multiplicities, say 2r + + 1, r + 0, in the interval (α L , +∞). Let β − L be the largest zero of ϕ ′ in the interval (−∞, α S ) and let β + S be the smallest zero of ϕ ′ in (α L , +∞). Then by Corollary 10, we have 2r If ϕ has a unique real zero α = α S = α L , then by Corollary 8, we have
Summing the inequalities (1.150)-(1.152), we obtain (1.147), since E(ϕ ′ ) = 2r − + 1 + 2r + + 1 in this case.
If ϕ has exactly l 2 distinct zeros, say α 1 < α 2 < . . . < α l , then by Rolle's theorem, ϕ ′ has an odd number of zeros, say 2M i +1, M i 0, counting multiplicities, in each of the intervals (α i , α i+1 ), i = 1, 2, . . . , l − 1. As above, from Lemma 8 and Corollary 8 it follows that
(1.153)
Now the inequalities (1.150)-(1.151) and (1.153) imply
which is equivalent to (1.147), since E(ϕ ′ ) = 2r − + 1 + 2r
The next theorem provides a bound on the number of real zeros of Q associated with a function in L − P * with infinitely many real zeros. Proof. If ϕ has infinitely many positive and negative zeros, then ϕ ′ can have extra zeros only between two consecutive zeros of ϕ. Therefore, E(ϕ ′ ) is an even number and the inequalities (1.114) follow from Lemma 8 and Corollary 8.
Let ϕ have infinitely many real zeros but only finitely many positive or negative zeros. Without loss of generality, we may assume that ϕ has the largest real zero, say α L . If β < α L is a zero of ϕ ′ such that ϕ(z) = 0 and ϕ ′ (z) = 0 for z ∈ (β, α), then applying Lemma 8 and Corollary 8 to the interval (−∞, β] and Corollaries 8 and 10 (see also Remark 1.10) to the interval (β, +∞), we again obtain (1.114). function in the class L − P * . Thus, Theorem 2 proves Proposition 1 from Introduction for entire functions in L − P * and, in particular, for real polynomials. Remark 1.15. If a function ϕ ∈ L − P * has only multiple real zeros, then, in the proofs of Theorems 3, 4 and 5, we can use Remark 1.11 instead of Corollary 8. Thus, the inequalities (1.154) also hold for functions in L − P * with only multiple real zeros.
In conclusion of this section, we note that, by Theorem 2 and Remark 1.15, we know two subclasses of the class L − P * such that for functions from these subclasses the inequalities (1.154) hold. G. Csordas posed the following problem.
Open problem. Describe all functions in L − P * satisfying the inequalities (1.154).
Proof of the Hawaii conjecture.
Although Theorem 2 is a very useful tool, it is not valid for every function in L − P * . Recently S. Edwards [8] found an example of a polynomial, which does not enjoy property A and fails (1.154) (see Remark 1.8). However, for a given function ϕ in L − P * , we can always find another function ψ * in L − P * with property A, which has the same zeros and the same associated function Q. The following theorem establishes the existence of such a function. Proof. At first, we notice that, for any real σ, the function ψ(z) = e −σz ϕ(z) has the same set of zeros as the function ϕ(z). At the same time, we have the following relations: Let Q[ϕ] have at least one real zero and let ζ 1 < ζ 2 < . . . < ζ n , n 1, be the distinct real zeros of Q[ϕ]. We set σ * = max
and ψ * (z) = e −σ * z ϕ(z).
Then from (2.1) applied to ψ * it follows that
In the sequel, we denote by ζ * any (fixed) zero of Q[ϕ] where the maximum σ * = max
is attained. Thus, we have ψ ′ * (ζ * ) ψ * (ζ * ) = 0. (2.3)
We also denote by α j (j ∈ Z) the real zeros of ϕ (and of ψ * ) and I j = (α j , α j+1 ). If ϕ has the largest zero α L and the smallest zero α S , then we also consider the intervals Now (1.2) and (2.7) yield Z C (ψ ′ * ) < Z C (ψ * ).
Case II. Let now ψ * have at least one real zero. Recall that all zeros of ψ ′ * in the every interval I j are extra zeros of ψ ′ * except one, counting multiplicity. At the same time, all the zeros of ψ ′ * in the intervals I −∞ and I +∞ are extra zeros of ψ ′ * . Let ψ * have at least two real zeros and let ζ * ∈ I j for some j. If ζ * is a zero of Q[ψ * ] of even multiplicity, then ζ * is a zero of ψ ′ * of odd multiplicity (at least three). Since one zero of ψ * in I j is guaranteed by Rolle's theorem, we have the inequality (2.4) in this case. If ψ ′ * is not of the form (1.146), then as above by (2.4) and (1.3) , we obtain Z C (ψ ′ * ) < Z C (ψ * ). If ψ ′ * has the form (1.146), then the interval I −∞ exists in this case and ψ ′ * has an odd number of extra zeros (at least one) in I −∞ . In fact, ψ ′ * (z)/ψ * (z) → +∞ whenever z → −∞ and ψ ′ * (z)/ψ * (z) → −∞ whenever z ր α S by (1.9) and (2.6). Consequently, the inequality (2.7) holds in this case and from (1.2) it follows that Z C (ψ ′ * ) < Z C (ψ * ). If ζ * is a zero of Q[ψ * ] of odd multiplicity, then ζ * is a zero of ψ ′ * of even multiplicity (at least two). But by Rolle's theorem, ψ * has an odd number of zeros in I j . Therefore, if ψ * is not of the form (1.146), then (2.4) is valid. If ψ * is of the form (1.146), then, in this case, (2.7) can be proved by the same method as above. Thus, we also have Z C (ψ ′ * ) < Z C (ψ * ) by (1.3) and (1.2). Let ψ * have at least one real zero and let ζ * ∈ I −∞ or ζ * ∈ I +∞ . By the same reasoning as above, one can show that the inequality (2.7) holds in this case. So, we again obtain the inequality Z C (ψ ′ * ) < Z C (ψ * ) by (1.2). Thus, we have shown that for a given ϕ ∈ L − P * , there exists a real σ * such that the function ψ * (z) = e −σ * z ϕ(z) possesses property A. Additionally, if Z R (Q) > 0, then Z C (ψ ′ * ) < Z C (ψ * ), as required.
Remark 2.1. For a given function ϕ ∈ L − P * the number σ * guaranteed by Theorem 7 is not unique. For example, one can find another number applying Theorem 7 to the function ϕ(−z). Proof. If Z R (Q) = 0, then the theorem is true.
Let Z R (Q) = 0. Then according to Theorem 7, there exists a real σ 0 such that the function ψ 0 (z) = e −σ 0 z ϕ(z) possesses property A and Z C (ψ ′ 0 ) < Z C (ψ 0 ). If Z R (Q 1 [ψ 0 ]) = 0, then we can apply Theorem 7 to ψ ′ 0 to get a real σ 1 such that ψ 1 (z) = e −σ 1 z ψ ′ 0 (z) possesses property A and Z C (ψ ′ 1 ) < Z C (ψ 1 ). If Z R (Q 1 [ψ 1 ]) = 0, then we can apply Theorem 7 to ψ ′ 1 and so on. Thus, we obtain a sequence of the functions ψ 0 , ψ 1 , ψ 2 , . . . with property A satisfying the inequalities Z C (ψ ′ j ) < Z C (ψ j ), where ψ j (z) = e −σ j z ψ ′ j−1 (z), i = 1, 2, . . . Since ϕ has finitely many nonreal zeros by assumption, the sequence of the functions ψ j is finite. That is, there exists a nonnegative integer l ( m − 1) such that 7 Z R (Q 1 [ψ l ]) = 0, (2.8) 7 We notice that a necessary condition for the equality (2.8) is Z C (ψ l ) = Z C (ψ 2) and 2m = 2m (0) . Therefore, the inequality (2.13) is exactly Z R (Q) 2m, as required.
